
LIMITING EQUILIBRIUM 

BY TWO CRACKS 

N. V. Pal'tsun 

O F  A P L A T E  WEAKENED 

In the plane formula t ion  of the p rob lem of an infinite body weakened by two c racks  of equal length 
(with a fa i r  d is tance between them),  a method of solution based  on the dis locat ion descr ip t ion  of the c racks  
was p resen ted  e a r l i e r  by Smith [1]. The axial ly s y m m e t r i c a l  case  was cons idered  by Ya. S. Uflyand [2], 
W. D. Collins [3], and Yu. N. Kuz 'min  [4]. The l a t t e r  studied the equi l ibr ium s ta te  of an unl imited space  
containing two coaxial  s lo ts  of d i f ferent  radi i .  We shal l  now cons ider  the analogous plane p rob lem.  

Let  an in f in i t e - i so t rop ic -e l a s t i c  pla te  be  weakened by two open para l l e l  c r acks  of unequal lengths 
(2a and 2b, a < b). The c r a c k s  l ie at a d is tance  h f r o m  each o ther  and have a common  s y m m e t r y  axis .  The 
x axis  is  d i rec ted  along the s m a l l e r  of the c r acks ,  the y axis perpendicu la r  to the plane of this c r ack  in a 
d i rec t ion  opposi te  to the locat ion of the other  c rack .  Let  us suppose  that  a r b i t r a r y  no rma l  breaking  s t r e s -  
ses  aa(X) , ab(X) and tangential  s t r e s s e s  ~-a(X), ~-b(X) a r e  speci f ied  on the su r f ace s  of the c r acks .  T h e r e  is 
no load at infinity. It is r equ i r ed  to find the re la t ionship  between the load and the c rack  p a r a m e t e r s  if all 
the e las t ic  constants  of the plate m a t e r i a l  a r e  known. 

Thus the p rob lem reduces  to the integrat ion of the e l a s t i c i t y - t heo ry  equations,  subject  to the bound- 
a ry  conditions 

% = - -  ~ (x), ~ = ~ (z)  (y  = 0,  I z I < a) 

% = - -  % (x) ~ = % (x) (~ = - -  h, I x 1 <  b) ( 1 )  

In o rde r  to solve this  p rob lem,  we shall  use the Air5, b iharmonie  function U(x, y) and its in tegra ted  
cosine t r a n s f o r m  G($, y). 

The s t r e s s e s  and e las t ic  d i sp lacements  a r e  e x p r e s s e d  in t e r m s  of G(~, y) by the following equations 
[5] 

oo oo 

oy 
o o 

~j __ - (2 - ~) ~ (2) E JL @3 ay] ~ 
0 

~ ~ [(i -- v) a~-~ + v~'a] ~ d~ 

All space  may  na tura l ly  be  divided into th ree  regions  - o o  < y < - h , -  < y <  0, 0< y < ~  subsequently 
the indices on the s t r e s s  and s t r a in  components  and on the functions U and G will indicate in which of these  
reg ions ,  the f i r s t ,  second,  or  th i rd ,  the cor responding  va r i ab le  is defined. The s t r e s s e s  and s t r a ins  mus t  
c l ea r ly  be continuous in the sepa ra ted  regions .  We thus a r r i v e  at the following boundary conditions: 

fo r  y = 0 

~xv=~(x) (lxl<a), ~ . . . . .  ~=,z (Ixl>a)  
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We take  the A i r y  funct ions  in the c o r r e s p o n d i n g  r eg ion  as 

co 

el (x, y) = ~ f [(A -}- B~y)e-~Y~ - (K + L~y)e ~] cos ~xd~ 
o 

~ (~' ~) = - ~  f [(c + E~v) ~ ~ + (D + F~)  ~h ~1 co~ ~e~ (4) 
0 

U~ (x, y) = ~ I [(R + H~y) e-aY+(M 4:- N~y) ear I cos ~xd~ 
o 

On the  b a s i s  of  the b e h a v i o r  of  the  s t r e s s  and s t r a i n  componen t s  at  infinity we put K(~) = L(~) = R(~) = 
H(~) = 0. The  eight r e m a i n i n g  unknown funct ions  a r e  d e t e r m i n e d  f r o m  the boundary- condi t ions  (3), which,  
on al lowing fo r  (2) and (4), lead to a s y s t e m  of four  pa i r ed  in tegra l  equat ions  

co 

~ -  i ~ A  cos ~x d~ = ~a (x) 
o 

( 0 < x < a )  

2 ~ --~- f ~ (B - -  .4) ..in ~x d~ = ~ (z) 
I} 

2 ~ . ~  f ~  ~ (M - -N~)  e-~'cos ~zd~ = ~ ( x )  
0 

( 0 < z < b )  
r  

O 
co 

I ~ (B -}- E) sin ~xd~ ---- O, f ~ (B --  F) cos ~zd~ = o 
0 o 

i (F sh p, - -  E ch ~ + Ne -~) ~ sin ~xd~ = 0 (b < z < c~) 
O 

I (F ch ~ -- E shy. -- He -~') ~ cos ~xd~ = 0 
0 

( a < x <  o~) 

(5) 

We shal l  b a s e  our  c o n s i d e r a t i o n s  on a s i m p l e r  s y s t e m  of  equa t ions  obta ined  by p r e l i m i n a r y  i n t e g r a -  
t ion  of  the  f i r s t  and th i rd  equa t ions  f r o m  0 to x and d i f f e ren t i a t ion  of the fifth and seventh  with r e s p e c t  to x:  

(6) 

0o ~cI 

I ~,A sin ~xld~ = + a 2 i za ( a X l ) d x l  ~ 2Ga @i) 
O 0 

f ~  (B --  A) sin ~cid ~, = aa% (axl) --2Qa (xl) (0 < xl <t )  
0 

co 

~, ( U - -  N~I) e -~ sin Xxid~ = g-~ b ~ ~. 6b (bxi) dxl = 2Q b (xl) 
J Z * 
{) 0 

ex~ 

! ~) [M -b N (t - -  ~1)] e-~sin ~,xld~ ---- ba% (bxl) = 2Qb (xi) 
O 

co  co 

0 0 

~ ( F s h ~ . ' - g c h ~ q - N e - ~ ) c o s ~ x l d ~ , = O  (t <x i<z r  
0 

i ~ (F ch ~l - -  E sh 71 - - N e  -~) cos ~zld~ = 0 
o 

(~ -~- ~, / a = ~, / b, x =  ax I =  bXl, h =  bS, 1] = ~,8) 
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(Subsequently the index on x is omit ted.)  

The in tegra l  subst i tut ion [6] 

1 I, 

B q- E = - ~  f / '  (t) Jo (~,t) dt, B - -  F = + Ic~' (t) Jo (~,t) dt 
o o 

1 

~" ~ n + ~  -~ - ~ ~h n = ~ i *' (o :o (zt) et 
0 

1 

I I ~' (t) J0 (kt) dt Fchq-- Ne-~-- E sh ~] = 
0 

(7) 

reduces  the s y s t e m  of in tegra l  equations (6) to a s y s t e m  of four F redho lm equations of the second kind 
1 1 

0 (x)-~ - - ~ I K I ( x ,  v,~))~t r (v)dv -~- -~fK2(z, v, 8 ) Z ( v ) d v ' = G a ( x ) - - * ( t ) A l - - ~ ( t ) A ~  
o o 

1 1 

0 0 
1 1 

0 f t  

v 0 
H e r e  

1 t co 

Ki = 2. v ~ dt ~ V ~ d u  I ;~+i (~,6)sin Zz cos ;~,~dZ 
J t Vt2~-v ~ 
0 - -  0 0 
I co 

Ai(x, 6)= 2 ~. du f z~ ,~]/-~-~-~u ~ ~ (pi(E5) sin)~xc~163 ( i = t  ..... 8) 

~i = V5 = -- 6e -~,  (P3 = V~ = e-~ (1 + ~) 
(P3 = - -  (P7 = e - ~  ( 'I  - -  I ) ,  V4 = - -  (Ps = - -  )~'le - ~  

(8) 

The functions f ( t ) ,  q~(t), r  ~(t) a re  a s soc ia ted  with F(v), 4~(v), ~P(v), Z(v) by the re la t ions  

t 
2 ! vF(v) dv 2 ! v@(v)dv 

/ (t) = ~ -  Vi  ~ -  ~ ,  ~ (t) = - ~  g VZT-~ 

t t (9) 

Thus,  if we can find the solution of the s y s t e m  (8), the s t r e s s / s t r a i n  s ta te  of a s t r ip  weakened by two 
c r a c k s  is given by (9), (7), (4), and (2). In o r d e r  to de te rmine  a number  of impor tan t  c h a r a c t e r i s t i c s ,  t he re  
is no need, as is often the case  when using the method of pa i red  equations,  to ca lcula te  all the coeff icients  
in Eqs. (4), s ince these  c h a r a c t e r i s t i c s  may eas i ly  be exp re s sed  in t e r m s  of the solutions of the F redho lm 
equations (8). Fo r  example ,  the no rma l  d i sp lacements  of the points on the su r f aces  of the c racks  (deter-  
mining the i r  width) take the f o r m  

1 1 

If the p a r a m e t e r  6- '  = b /h  is sma l l  (the case  in which the dis tance between the s l i t s  is l a rge  com-  
pared  with the i r  d imensions) ,  the solution of the s y s t e m  (8) may be c a r r i e d  out by expansion in s e r i e s  with 
r e s p e c t  to this p a r a m e t e r .  Calculations c a r r i e d  out for  the case  ~a(X) = ~b(X) = P and ~-a(X) = Zb(X) = 0 gave 
the following equations for  the d i sp lacemen t s  of the points on the su r faces  of the c r acks :  

a 9 

4Pb ( t  - -  ~ )  i A 2  (x,  6)  b~ (,~ - v3) I~=-~  - ~ -  ~V2-~7- ~ - ~ w (x, 5)] 
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w h e r e  

al (x, 6) = t - c1~6 -~ - 6 -6 [(V8 § %z~) c~  § c~]  § ... 

W (x, 6) = c4i6 -~ --  [c5 i (V3 + ~/3 =~) § c6 ~] 5-~ -- [c7 i (V~ § '/5 z~ 
_{_ s/~ x 4) + cai (1/8 ~_ ~/a x ~) __ c i]  6-~ + . . .  (i = 1, 2) 

c~ ~ = 3.75, c~ ~ ~ 2.25, ca ~ = 7.875, ca ~ = i.5, c~ ~ = 3.75 
cx e ~ 3.75, c, e ~ 7.875, ca ~ = 13.5, c,: ~ i.5, ca ~ = 3.75 
c~ ~ = t.875, cv 1 = 6.5, cs ~ = 6.5, c~ ~ = 13.425 
c~ ~ = i.875, c~ ~ = 6.5, cs ~ = 13.t25, c~ ~ = 3.438 

T h e  s o l u t i o n  o f  t h e  p r o b l e m  was  c a r r i e d  ou t  w i t h o u t  a l l o w i n g  f o r  t h e  f o r c e s  of  m o l e c u l a r  c o h e s i o n .  

In  o r d e r  to  f ind  t h e  l e n g t h s  2a  and  2b of  t h e  e q u i l i b r i u m  c r a c k s ,  we  r e q u i r e  t h a t  t h e i r  o p p o s i t e  s u r f a c e s  

s h o u l d  c l o s e  s m o o t h l y  t o w a r d  t h e  e n d s .  T h e s e  l e n g t h s  m a y  b e  d e t e r m i n e d  f r o m  r e l a t i o n s h i p s  d e r i v e d  e a r -  

l i e r  [7] and w r i t t e n  in  d i m e n s i o n l e s s  f o r m  [8] 

Jim d I ~  ; ] / - ~  2K(i--v~)W~ 

x~l d~ ~g 

C a l c u l a t i o n  of  t h e  l i m i t s  g i v e s  

P ]/'a g P]/b 

As (t, 6) ~ t --  -bF 1.56 - ~ -  (3.75 -- - ~  5.625 6-*-- 10.i25 --  -~- 2.945 6 -6 ~- ... (1 0) 

b~ (3.75-- - ~  5.625 )6- '  f b2 19.557) 6-' h4 (t, 6) = i - - - ~  i.55 -~ -- -- \21.375 -- - j  -b... 

I t  f o l l o w s  f r o m  Eq .  (10) t h a t  f o r  a f i x e d  d i s t a n c e  b e t w e e n  t h e  c r a c k s ,  t h e  l a r g e  c r a c k  s t a r t s  p r o p a g a -  

t i n g  l o a d  P, and  o w i n g  to t h e  i n s t a b i l i t y  o f  t h e  d y n a m i c  e q u i l i b r i u m  of  t h e  c r a c k s  f o r  u n i f o r m l y  d i s t r i b u t e d  
l o a d i n g  of  t h e  body  a t  i n f i n i t y  i t  b e c o m e s  an  a r t e r i a l  c r a c k .  

F o r  a = b t h e  r e s u l t s  o f  t h e  p r e s e n t  i n v e s t i g a t i o n  c o i n c i d e  wi th  S m i t h ' s  [1]. In t h e  l i m i t ,  a s  h ~ ~ ,  

E q s .  (10) t a k e  a f o r m  c o i n c i d i n g  wi th  t h e  k n o w n  s o l u t i o n  f o r  an  i s o l a t e d  G r i f f i t h  c r a c k  in  a h o m o g e n e o u s  
body .  

It  s h o u l d  be  n o t e d  t h a t  o u r  p r e s e n t  h y p o t h e s i s  to t h e  e f f e c t  t h a t  t h e  c r a c k s  o n l y  p r o p a g a t e  in t h e  p l a n e s  
in  w h i c h  t h e y  a r e  s i t u a t e d  w i l l  u n d o u b t e d l y  g i v e  o v e r e s t i m a t e d  b r e a k i n g  s t r e s s e s .  
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